In a series of papers we have argued that the 'basic' physical procedure of minimal coupling giving the quantum description of a Hamiltonian system interacting with a magnetic field, can be given a very satisfactory mathematical formulation as a twisted Weyl quantization [10] . In this paper we shall present a review of some of these results with some modified proofs that allow a special focus on the dependence on the behavior of the magnetic field, having in view possible developments towards problems with unbounded magnetic fields. The main new result is contained in Theorem 2.9 and states that the the symbol of the evolution group of the self-adjoint operator defined by a real elliptic symbol of strictly positive order in a smooth bounded magnetic field is in the associated magnetic Moyal algebra, i.e. leaves invariant the space of Schwartz test functions and its dual.
Introduction
This article is a continuation of some previous work [9, 11, 6, 7, 8] , describing magnetic pseudidifferential operators in a gauge covariant setting.
We consider only systems having an affine configuration space X ∼ = R d with d ≥ 2. We shall denote by k X the space of smooth k-forms on X. The magnetic field is then described by a closed 2-form B ∈ 2 X, thus satisfying dB = 0 (see lecture 13 in [3] ). Due to the topological triviality of the configuration space X we can find a 1-form A ∈ X, called a vector potential, such that B = dA. Clearly the choice of A ∈ X is highly non-unique, different choices being related by gauge transformations A → A ′ = A + df for some f ∈ C 2 (X; R). A usual choice of the vector potential is the transversal gauge: verifying x · A(x) = 0. A Hamiltonian system is described by a smooth function h : Ξ → R, where Ξ := X × X * is the phase space of the system, with X * the dual of X as a finite dimensional real vector space, with the duality map < ·, · >: X * × X → R (see [11] and the references therein).
Notations.
We shall use the notation [t] := max k ∈ Z | k ≤ t ∈ Z for the integer part of t ∈ R.
For any Euclidian space V ∼ = R N we denote by S (V) the Fréchet space of Schwartz test functions and by S ′ (V) its dual, the space of tempered distributions on V. We shall denote by C ∞ (V) the space of smooth functions on V and by C ∞ pol (V) (resp. C ∞ pol,u (V)) and by BC ∞ (V) its subspaces of smooth functions that are polynomially bounded together with all their derivatives (resp. those with uniform polynomial growth on all the derivatives) or smooth and bounded together with all their derivatives. We use the notation v := 1 + |v| 2 for any v ∈ V.
When working in a Hilbert space L 2 (V) over an Euclidian space V ∼ = R N with the Lebesgue measure, we shall denote by F (Q) the operator of multiplication with the measurable function F : V → C, i.e. We shall need several types of semi-norms and weights on these spaces. We shall call weight a positive function, verifying the properties of a semi-norm but being allowed to take also the value +∞.
On L In developing the magnetic pseudodifferential calculus an important role will be played by a specific imaginary exponential of the magnetic flux through some triangles (see (1.17 ) and the results in Appendix 1). The formulas in the Appendix 1 show the interest in defining the following family of functionals that characterize the growth of the magnetic field and its derivatives. For B ∈ L 2 bc (X) and for any M ∈ N we define: For the points of Ξ = X × X * we shall use notations of the form X = (x, ξ), Y = (y, η), Z = (z, ζ). We recall that on Ξ we have a canonical symplectic form: σ(Y, Z) := < η, z > − < ζ, y > .
( 1.4) For the space C Let us recall now a family of Hörmander type symbols ( [5] ) that will play a very important role in our analysis. Definition 1.1. For any p ∈ R we denote by S p (Ξ, X) the following complex linear space 6) with the Fréchet topology defined by the countable family of semi-norms {ν
Let us point out that (1.6) is the class S p 1,0 (Ξ) with the notations from [5, 6] . Noticing that ν p m1,m2 (F ) ≤ ν p−m2 m1,m2 (F ) for any F ∈ S p (Ξ, X) and any (m 1 , m 2 ) ∈ N 2 , we shall also use the following semi-norms on
We denote by S p (Ξ, X) ell the family of elliptic symbols of type p ∈ R.
For any s ∈ R we shall use the notation p s (x, ξ) := ξ s , defining an elliptic symbol of order s ∈ R and q s (x, ξ) := x s (that for s > 0 is not a Hörmander type symbol).
We shall use the following Fourier transforms:
The magnetic quantization.
Given a magnetic field B ∈ 2 X and an associated vector potential A ∈ X, let us consider the following invariant integrals, whose significance in constructing a gauge covariant functional calculus has been noticed in [2, 13] :
where [x, y] is the oriented line segment from x ∈ X to y ∈ X and < x, y, z > is the oriented triangle in X having the vertices {x, y, z} ⊂ X. They verify the following relations due to the Stoke' formula and the condition dB = 0: ∀{x, y, z} ⊂ X :
We shall also use the notations:
B (x,y,z) . Definition 1.3. Given a magnetic field B ∈ 2 X and an associated vector potential A ∈ X, we call the Magnetic Weyl system on Ξ = X × X * associated to A ∈ X the application
where W : Ξ → U L 2 (X) is the usual Weyl system on Ξ = X × X * :
We shall sometimes use the notation
Definition 1.4. Given a magnetic field B ∈ 2 X and an associated vector potential A ∈ X, we define the magnetic quantization as the application 10) with the integral defined in the weak operator sense.
For A = 0 we obtain the usual Weyl quantization, that we shall denote by Op ≡ Op 0 .
Proposition 1.5. (Proposition 3.4 in [9] ) Given two gauge equivalent vector potentials A ′ = A+df , the corresponding magnetic quantizations are unitarily equivalent; more precisely we have
Proposition 1.6. A Diamagnetic Inequality for symbols Suppose given a magnetic field B ∈ L 2 pol (X). Then, for any distribution F ∈ S ′ (X * ) (considered as the subspace of S ′ (Ξ) of distributions constant along the directions in X) such that F * F is a non-negative distribution (takes non-negative values on non-negative test functions) we have the inequality
where Op(F ) is the usual Weyl quantization of
Proof. By hypothesis and using Theorem I.4.V in [15] we conclude that F * F is a temperate positive measure (see [15] ) µ F on X. Thus, for any test function φ ∈ S (X) we can write
Choosing one more test function ψ ∈ S (X) we compute
where for N ∈ N large enough the measure µ F,N (dx) := x −N µ F (dx) is a finite positive measure with total mass M F,N < ∞. On the other hand we notice that
and deduce that, for any N ∈ N, there exists some C N > 0 such that
Using the results in [15] we conclude that Op A (F )φ is a tempered complex measure on X. Thus its absolute value is a well defined positive tempered measure and we can write
The integral kernels. If we use formulas (1.10) and (1.7) we obtain for any F ∈ S (Ξ) and φ ∈ S (X)
Thus the integral kernel of the operator Op
Setting ΥF (x, y) := (2π) −d/2 F (x + y)/2, y − x , we can write
and notice that it defines isomorphisms S (Ξ)
Remark 1.7. The map Υ : X × X → X × X is a linear bijection with Jacobian 1 and its inverse has the explicit action
The following two statements are proved in [9] . The first one is an easy consequence of the results in Sections 50 and 51 in [16] , taking into account that S (X) and S ′ (X) are nuclear spaces ( [16] 
Here L S ′ (X); S (X) is the space of linear continuous maps from S ′ (X) to S (X) with the topology of uniform convergence on bounded subsets.
Using the Kernel Theorem of L. 
Using Proposition 1.8 we notice that given a magnetic field B ∈ L 2 pol (X), formula (1.1) allows us to fix an associated vector potential A ∈ L 1 pol (X), and thus, for any pair of test functions (φ, ψ) ∈ S (Ξ) × S (Ξ) the product Op A (φ)Op A (ψ) belongs to L S ′ (X); S (X) and there exists a unique test function ρ
(1.14)
pol (X) we define the following composition map:
with ρ B (φ, ψ) satisfying (1.14). We call it the magnetic Moyal product.
Clearly ρ B (φ, ψ) ∈ S (Ξ) depends linearly and continuously (due also to Proposition 1.8) on both variables (φ, ψ) ∈ S (Ξ) × S (Ξ). A straightforward computation allows us to prove that with T x (y, z) the oriented triangle in X with vertices x − y − z, x + y − z, x − y + z and T(x, y, z) the oriented triangle in X with vertices y + z − x, z + x − y, x + y − z. In the first Appendix to this paper we prove a number of estimations on the function ω ∼ B ∈ C ∞ pol X; C ∞ pol (X × X) that will be needed. In [9] (Lemma 4.14 and Corollary 4.15) the following statement is proved.
1. for any pair of test functions (φ, ψ) ∈ S (Ξ) × S (Ξ) the following equality holds:
2. for any three test functions (φ, ψ, χ) ∈ S (Ξ) × S (Ξ) × S (Ξ) the following equality holds:
The above result allows us to extend the magnetic Moyal product by duality and define two bilinear bicontinuous maps
(1.20)
The magnetic Moyal algebra.
We shall briefly recall some definitions and results from [9] . Let us define
is a unital *-algebra (with the *-involution given by the complex conjugation) containing S (Ξ) as a two-sided * -ideal.
by duality to the following applications:
Arguments similar to those in the previous subsection allow us to obtain the following statement:
Using Proposition 1.9, for any tempered distribution F ∈ S ′ (Ξ) we can consider the restriction of Op A (F ) to L 2 (X) (considering that any class in L 2 defines a unique tempered distribution).
pol (X), we define the algebra of bounded magnetic symbols associated to the magnetic field B = dA as
By the Uniform Boundedness Principle ( [14] ) F ∈ C B (Ξ) if and only if Op A (F ) ∈ B L 2 (X) and using Proposition 1.5 we see that this condition only depends on the magnetic field B = dA.
. This norm only depends on B, due to Proposition 1.5. Then C B (Ξ) becomes a C * -algebra.
The weak operator topology on C B (Ξ). We suppose fixed a magnetic field B ∈ L 2 pol (X). Definition 1.18. On C B (Ξ) we consider the locally convex topology T B opw defined by the semi-norms
opw coincides on bounded subsets of C B (Ξ) (with respect to the · B -topology) with the weak distribution topology induced from S ′ (Ξ).
2 Observables in bounded smooth magnetic fields.
In the estimations that follow we shall often use operators of the form ∇ s (Fourier transforms of symbols of type p s ) and we shall frequently prefer to work with differential operators, so that we shall when possible consider orders of the form s = 2N with N ∈ N even if this will give slightly weaker estimations. We shall use the notationd := 2[d/2] + 2 and for any p ∈ R + we setp :
Composition of Hörmander type symbols.
In [6] we have proven a result concerning the composition of Hörmander type symbols (Proposition 2.6) that is very similar to the known result for Weyl calculus. We present here a new proof of a simplified version (that is enough for the applications to quantum mechanics that we have in view), emphasizing on the dependence of the estimations on the behaviour of the magnetic field. In fact we present this result in the following Theorem that is a direct consequence of the Proposition 3.1 that we prove in the second Appendix to this paper.
More precisely, for any pair
where
We formulate separately a consequence of the above result that will be used several times in this paper.
Moreover, for anny (
1)
Proof. We come back to formula (1.15) and notice that
Using once again Proposition 3.1 with Θ ∈ BC ∞ X; C ∞ pol (X × X) equal to various derivatives of ω ∼ B , we obtain
By the Schur-Holmgren criterion for boundedness of integral operators on L 2 , we easily conclude that
Using then (1.12) and Proposition 1.3.6 in [1] , we obtain the following statement.
For the last estimation in the above Proposition one can see Lemma A.4 in [12] .
2.3 Inferior semiboundedness. Proof. We can define G 0 := √ F ∈ S p/2 (Ξ, X) and notice that (with the notation in Proposition 2.2):
We apply Proposition 2.2 in order to conclude that:
with m := 2[(q 1 + 3n)/2] + 2. We clearly have G 0 = √ F ≥ √ a F > 0 and we can define
and notice that
Using the above results we obtain ν 
Finally notice that the above Proposition implies for any φ ∈ S (X) the estimation
and one concludes that
and also
A Calderon-Vaillancourt type Theorem.
In this subsection we give another proof for Theorem 3.1 in [6] for symbols in our restricted class S 0 (Ξ, X). This proof is inspired by the one in [5] for the case of the usual Weyl calculus.
Proof
0 (Ξ, X) for any δ > 0. For any φ ∈ S (X) we can compute
We can apply Proposition 2.4 above (with n p ≡ n 0 = 1) and deduce that there exists some symbol G B F ∈ S 0 (Ξ, X) and some symbol X B F ∈ S −1 (Ξ, X) such that 
with m := 2[(q 1 + 3d)/2] + 2 and
with m := 2[3d/2] + 2. Thus for any φ ∈ S (X) one has
Self-adjointness.
It is well known that the physical observables of a quantum system with configuration space X, in a magnetic field B ∈ 2 X, are described by self-adjoint operators acting in the Hilbert space L 2 (X). We remark that any real symbol in C B (Ξ) defines a bounded physical observable.
In order to study unbounded physical observables we have to pay attention to the domain of definition of magnetic quantized operators. A reasonable choice for a real symbol F ∈ M B (Ξ) could be (the maximal operator )
where we take into account that L 2 (X) may be identified with a complex linear subspace of S ′ (X). We notice that
Due to the fact that F ∈ M B (Ξ) we know that Op A (F ) leaves S (X) invariant (by the definition in (1.21)), so that S (X) ⊂ D 
X). The problem is that it is not clear if with this domain of definition the operator Op
A (F ) is symmetric! In fact its adjoint, having by definition the domain
will in principle be only a restriction of it! We could also consider just the operator
and notice that it is by definition symmetric and thus closable and just take its closure (the minimal operator ). Thus, in order to have the self-adjointness of our operator, it is enough to prove that the domain D A F is the closure of S (X) for the graph-norm of the operator Op A (F ), i.e. to prove that
A procedure to prove self-adjointness in L 2 (X) for an operator of the form Op A (F ) for some real symbol F ∈ M B (Ξ) is to construct a resolvent for it. More precisely, to prove existence of two symbols
In [6] we define a family of dense domains in L 2 (X) that are domains of self-adjointness for a large class of magnetic quantizations of real symbols. Let us briefly recall these facts. endowed with the graph norm that generates a scalar product
for which H s A (X) is complete and thus a Hilbert space. For the rest of this section we shall suppose that B ∈ L 2 bc (X) and make use of the notation and results in the first Appendix A.1. The following Theorem contains the main results in Theorem 5.1 in [6] and Proposition 6.31 in [7] and we present here a new proof of these results developping the ideas in the proof of Theorem 1.8 in [12] . Theorem 2.7. Given a magnetic field B ∈ L 2 bc (X) and a choice of a vector potential A ∈ L 1 pol (X), for any real elliptic symbol F ∈ S p (Ξ, X) with p > 0 we have that:
1. there exist some symbols r
and essentialy self-adjoint on S (X). Proof. The ellipticity condition on F ∈ S p (Ξ, X) with p > 0 means that there exist two constants R > 0 and C > 0 such that for |ξ| ≥ R we have the bound C < ξ > p ≤ F (x, ξ). Then let us fix some a > 0 large enough such that F + a > 0, set F a := F + a and compute
First let us get rid of the linear terms z − y and ζ − η by integration by parts, using the identities:
z j e −2i<η,z> = (i/2)∂ ηj e −2i<η,z> , y j e 2i<ζ,y> = (1/2i)∂ ζj e 2i<ζ,y> , η j e −2i<η,z> = (i/2)∂ zj e −2i<η,z> , ζ j e 2i<ζ,y> = (1/2i)∂ yj e 2i<ζ,y> .
Integrating by parts the term containing the factor (z j − y j )e −2i(<η,z>−<ζ,y>) = −(1/2i) ∂ ηj + ∂ ζj e −2i(<η,z>−<ζ,y>)
we obtain integrals of the form
We have to take into account that
and use the result in Proposition 3.1 to obtain that I a (F ) ∈ S 0 (Ξ, X) with the following estimations on its seminorms: Let us study now the term containing the factor (ζ j − η j )e −2i(<η,z>−<ζ,y>) = (1/2i) ∂ yj + ∂ zj e −2i(<η,z>−<ζ,y>) .
After integration by parts we obtain integrals of the form
and notice that:
As in the previous analysis we obtain that J a (F ) ∈ S 0 (Ξ, X) with the following estimations on the seminorms giving the Fréchet topology:
First we notice that ρ
and using Faá di Bruno's formula [4] we can write
Using the monotonicity and the concavity of the logarithm one can prove the following inequality:
Taking b = ξ p we obtain that
and thus, chosing some q ∈ (0, p −1 ) ∩ (0, 1) we obtain that for any r ∈ N we have the estimation
Using also (2.17) and (2.18) and denoting by
we obtain for any q ∈ (0, p
From Theorem 3.1 in [6] we know that there exist two numbers (p 1 , p 2 ) ∈ N × N depending only on the dimension of X such that
Thus, for q = min{1, p
In conclusion, if we choose a ♯ B F a and repeating exactly the above arguments we obtain a left inverse for F + a for the magnetic Moyal product, and due to the well known abstract argument they have to be equal. We conclude that Op A (F ) is a symmetric operator having the real number −a in its resolvent set; as this set is open we can find in its resolvent set points with strictly positive and strictly negative imaginary parts so that we conclude that it is self-adjoint. Moreover we know that z B F (a) ∈ C B (Ξ) can be analytically continued to an analytic map
for some ǫ > 0 small enough and this map verifies the resolvent equation:
and also the defining relations for the inverse:
Moreover we notice that
Ξ) and we use the Theorem 2.1 for the composition of symbols and the fact that C B (Ξ) is a * -algebra for the magnetic Moyal product. We conclude by using Proposition 6.29 in [7] that in fact r 
we easily obtain the essential self-adjointness of Op A (F ) on S (X).
The evolution group.
We suppose given a magnetic field B ∈ L 2 bc (X) and a real elliptic symbol h ∈ S p (Ξ, X) for some p > 0 and for some vector potential A ∈ L 1 pol (X) associated to B we consider the self-adjoint operator Op
as the one studied in the previous subsection, that we shall denote by Q A (h). Then, by Stone Theorem, we can consider the following one-parameter strongly continuous unitary group
It is defined as the unique solution of the Cauchy problem
and given explicitly by the following formula (using the functional calculus with self-adjoint operators):
Remark 2.8. For any t ∈ R, the unitary operator W A h (t) leaves invariant the domain H p A (X) and we have the following commutation relation:
Let us consider its distribution symbol defined by
A priori we know that w B h (t) ∈ C B (Ξ) for any t ∈ R and that it defines by magnetic quantization an invertible operator with the inverse having the following symbol (usually we denote by F − B the inverse of F ∈ S ′ (Ξ) for the magnetic Moyal product ♯ B , when this inverse exists):
We also know that the function
is a solution of the Cauchy problem
(2.27) Theorem 2.9. Suppose given a magnetic field B ∈ L 2 bc (X) and a real elliptic symbol h ∈ S p (Ξ, X) for some p > 0 and for some vector potential A ∈ L 1 pol (X) associted to B let us consider the self-adjoint operator
Proof. From Remark 2.8 and the definition pf Q
A (h), we conclude that
. In order to prove the Theorem it is clearly enough to prove that
In dealing with these computations we shall use some notation.
Notation:
• Given some distribution F ∈ M B (Ξ) we set
• For 1 ≤ j ≤ d and for any k ∈ N we denote by p ♯k j the magnetic Moyal product of k factors p j and similarly
with multi-index notation. We also use similar notations for the symbols {q 1 , . . . , q d }.
• For any multi-index α ∈ N d we denote by {α} the ordered set with α 1 entries equal to 1, followed by α 2 entries equal to 2 and so on up to the last α d entries equal to d. Reciprocally, for any subset m ⊂ {γ} for some given γ ∈ N d we denote by γ m ∈ N d its associated multi-index.
• For any γ ∈ N d we shall denote by [ad [9] ) and the distributions p 1 , . . . , p d are also in S 1 (Ξ, X). We shall use several times the following commutation formula
where [F, G] B := F ♯ B G − G♯ B F and for any subset {j 1 , . . . , j k } ⊂ {1, . . . , N } we denote by {l 1 , . . . , l N −k } = {1, . . . , N } \ {j 1 , . . . , j k } all the sets being considered ordered by the natural order induced by N.
For any pair (α, β) ∈ N 2d we have that
so that for any test function φ ∈ S (X) the following tempered distribution is well defined:
∈ C, ∀ψ ∈ S (X).
We shall prove that it defines in fact a continuous functional of ψ ∈ S (X) for the topology induced by H p A (X). The idea is to compute the commutator
by computing its distribution kernel and having in mind the composition laws (1.22) and the fact that the symbol q ♯α ♯ B p ♯β is in the magnetic Moyal algebra M B (Ξ). In order to deal with the commutators with W A h (t) we notice that given some operator X A := Op A (F X ) for some F X ∈ M B (Ξ) we can write
We are interested for the moment to study the case X A = Op A q ♯α ♯ B p ♯β and the commutator
We are going to proceed by induction on N := |α + β| ∈ N, starting with the following induction hypothesis:
, for any φ ∈ S (X) and for any t ∈ R.
First of all let us notice that the above statement is clearly true for N = 0 due to the fact that S (X) ⊂ H 
Suppose now that we increase N in the Hypothesis H N above by 1 either by increasing some α j or some β k by 1 and let us consider some pair (α ′ , β ′ ) ∈ N 2d with |α ′ | + |β ′ | = N + 1. Using formula (2.28) we can compute the following commutator in the magnetic Moyal algebra:
where m ∁ = {α} \ m and n ∁ = {β} \ n and we denote by ′ m⊂{α} the sum over all non-trivial subsets (i.e. different from the void set and from the total set), so that |γ m ∁ | + |γ n ∁ | ≤ N .
Finally, for any φ ∈ S (X) we have obtained the following equality of tempered distributions on X:
We notice that Q
for any subsets m ⊂ {α} and n ⊂ {β} different from the empty set and of the total set. Proposition 2.2 implies
and we conclude that [ad
We consider now the following equality of tempered distributions:
and using the above result and once again formula (2.29) we conclude that it defines in fact an element in L 2 (X). This proves that H (N +1) is also true and finishes the proof of the Theorem.
3 Appendices.
3.1 A.1: Estimations on the derivatives of ω ∼ B .
We shall consider the multi-indices {σ j } 1≤j≤d with (σ j ) k := δ jk . We shall use the notation ω Then we have the following formulas:
Now let us recall the Faà di Bruno's formula ( [4] ) for the case of the exponential of a given function F B :
3)
It follows then
|y ∧ z| ps ρ ps (B)
(µ ps (B) + µ ps−1 (B)).
A.2: Estimating an oscillating integral.
In the following technical statement we shall need some specific weights on the space
that can take also the value +∞.
Proposition 3.1. Suppose given a magnetic field of class L 2 bc (X) and two Hörmander type symbols (F, G) ∈ S p1 (Ξ, X) × S p2 (Ξ, X) and let us denote by
n,n2,n1 (Θ) < ∞ for some (N, q 1 , q 2 , n) ∈ R 3 + × N. Then, for any (α, β) ∈ N 2 d with |α| ≤ n we have the estimations:
|α|,n2,n1 (Θ) Thus, with the notations (3.7), (3.9), (3.10) we have to choose N = w x (|α|, n 2 , n 1 ) ∈ N, q 1 = w y (n 2 , n 1 ), q 2 = w z (n 2 , n 1 ) (3.11) associated to Θ ∈ C ∞ pol X; C ∞ pol (X × X) . In order to obtain integrability in the variables (y, z) ∈ X 2 , we shall insert the factors y −m1 z −m2 with m 1 = 2[(N 0 + n 2 + q 1 )/2] + 2, m 2 = 2[(N 0 + n 1 + q 2 )/2] + 2 and apply once again integration by parts to transform the compensating factors in derivations with respect to (η, ζ) ∈ (X * ) 2 . Finally we obtain a linear combination (depending on {p 1 , p 2 , |α|, |β|, d}) of terms of the form and finish the proof of the Proposition.
